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Abstract: We study the classical current algebra for principal chiral model defined on 
two dimensional world-sheet with general metric. We develop the Hamiltonian formalism 
and determine the form of the Poisson brackets between currents. Then we determine the 
Oh. Poisson bracket for Lax connection and we show that this Possion bracket does not depend 

on the world-sheet metric. We also study the Nambu-Gotto form of this model. We prove 



an existence of the Lax connection and determine their Poisson bracket. 
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1. Introduction 

The discovery of the integrability of the classical string sigma model on AdS$ x S 5 was one 
of the great achievements in the last few years [|J 1 . More precisely, the authors [Q| found a 
Lax formulation of the equations of motion that leads to the existence of an infinite tower of 
conserved charges in the classical world-sheet theory. Using these charges it was possible to 
construct and classify large families of exact solutions of the classical equations of motion. 
However as was recently stressed in a very nice paper [|j this fact does not quite coincide 
with the standard definition of integrability. Integrability in the standard sense requires 
not only the existence of a tower of conserved charges but also requires that these charges 
be in involution. In other words the conserved charges should Poisson commute with each 
other. The knowledge of the Poisson brackets is necessary for constructing the action-angle 
variables for the system that plays an important role in semi-classical quantisation. The 
careful analysis presented in Q explicitly demonstrated that for classical string moving on 
R x 5" 3 submanifold of AdS§ x S 5 that the Poisson brackets of conserved charges are in 
involution. 

However it should be stressed that even if the bosonic string on AdS§ x S 5 admits 
Lax formulation, there is a well known problem in determining the Poisson brackets of 
conserved charges. The problem is due to the presence of Non-Ultra Local terms in the 
Poisson brackets of the world-sheet fields that lead to the ambiguities in brackets for the 
charges. Some proposals for resolution of this issue were recently discussed in [jl^, For 
example, it was shown in Q that there exists the resolution of this problem using the 
prescription of for regularising of the the problematic brackets that was introduced in the 



earlier work by Maillet [26, 27 \. Explicitly, it was demonstrated in 0] that the application 



1 For some works considering integrability of sigma model on AdSs x S 5 , see j^, [l|, JE], [| ^, [| [To| [ll], 
§, §, §,§,§,0|l|,|l|, §,§ 
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of this procedure for the bosonic string in the conformal gauge moving on an R x S* 3 
submanifold of the full AdS^ x S 5 leads to the natural symplectic structure on the space 
of finite-gap solutions of the equations of motion that were constructed in pi] . 

As the next step it is natural to ask the question whether the principal chiral model 
is integrable on the world-sheet with general metric. An importance of the fact that one 
can define the Lax connection on the world-sheet with general metric was stressed in 



1 14]. On the other hand the form of the current algebra for general metric is not known. 
Consequently it is also not known the form of the Poisson bracket of the Lax connection 
and hence it is not completely clear whether one can define infinite number of conserved 
charges that are in involution on the general world-sheet as well. 

The goal of this paper is to answer these questions. We explicitly calculate the Poisson 
bracket of the principal chiral model on the world-sheet with general two dimensional 
metric. Even if the resulting Poisson bracket are complicated we will see that the Poisson 
bracket of the Lax connection does not depend on the metric at all and takes precisely 
the same form as was recently reviewed in ||. According to the arguments given there it 
follows that the principal chiral model defined on the world-sheet with the general metric 
possesses again infinite number or conserved charges that are in involution. 

It is important to stress that this result holds for the principal chiral model where 
the gauge symmetries are not fixed at all. The situation becomes more involved in case 
when the gauge fixing functions depend on the phase space variables. An example of such 
a more complicated gauge is uniform light cone [29, 30] 2 . The consistency of this gauge 
fixing implies that the Lagrange multipliers are completely fixed, the Virasoro constraints 
together with the gauge fixing conditions become the second class constraints and finally 
the original Hamiltonian strongly vanishes. In order to appropriate study this theory we 
should identify the Hamiltonian on the reduced phase space and also determine the Dirac 
brackets for the phase space variables. We leave the study of integr ability and the current 
algebra for this gauge fixing theories for future. 

We also discuss the Nambu-Gotto form of the principal chiral model. We demonstrate 
that it is again integrable and we will calculate the algebra of the currents. We also 
calculate the Poisson bracket of the Lax connection and we show that it takes the same 
form as in the paper Q. This result again demonstrates an integrability of this form of 
the principal chiral model. 

The organisation of the paper is as follows. In the next section (Q) we introduce the 
basic notation of the principal chiral model defined on two dimensional world-sheet with 
general metric. In section (||) we calculate the algebra of currents. We also calculate the 
Poisson bracket of spatial component of the Lax connection. In section (Q) we perform the 
Hamiltonian analysis of the Nambu-Gotto form of the principal chiral model. We show 
that this model is again integrable and we determine the algebra of current and also the 
Poisson bracket of the Lax connection for this model. In conclusion (|5|) we outline our 
results and suggest further directions of research. 



2 For recent discussion of this gauge, see for example [j2| , 
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2. Hamiltonian formalism for principal chiral model 



In this section we introduce the Hamiltonian formalism for the principal chiral model 
defined on two-dimensional world-sheet with general metric 7. The action for this model 
takes the form 

s = "Itt / dTda V^ri aP JaJpK AB = 



47T 

Vx 

Air 



dTda,f^~f af3 G M Nd n x M d n ~ N 



"77 fjr MN^a x V0X 

(2.1) 

Here is the effective string tension. Coordinates a and r parametrise the string world- 
sheet. We assume the range of a to be —ir < a < tt. The current is defined through 
the group element g that belongs to the group G as 

J a = Q^dag = J*T A , (2.2) 

where T A form the basis of the algebra g that obey the relations 

Tr (T A T B ) = K AB , [T A ,T B ] = f AB T c , (2.3) 

where K AB is invertible matrix and where f AB = —f BA are structure constants of the 
algebra g. The indices A, B label components of the basis T A . If we parametrise the group 
element with the fields x M we can write the current as 

Jt = Efjd a x M . (2.4) 

Finally we have introduced the metric 

Gmn = E^jK AB Ef; (2.5) 

defined on some target manifold labelled with coordinates x M . In this interpretation E^ 
are vielbeins of the target manifold [33]. 

We now develop the Hamiltonian formalism for this principal chiral model, where we 
consider x and corresponding momenta pm as canonical variables. There also exists an 
alternative form of the Hamiltonian formalism based on presumption that the current 
is the dynamical variable [22] (For some recent works, see for example [13, 25, Q). It can 
be shown that these two approaches give equivalent result. 

The conjugate momenta to x M are equal to 

/ TO. T^A TS t b 



PM = -^V=71 ra E M KABJ£ (2.6) 
and together with x M obey the canonical Poisson brackets 

{x M (a), PN (a')}=5 A N I 5(a-a') . (2.7) 
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Then the Hamiltonian takes the form 



r2n /*27r 

H = dalio = / da[d T x M pm — C] 
Jo Jo 



2- 



da 



1 



7T 



-^-G MN 'p M PN + 2 r 1 G M NdcX M d a x N I - -^PMdaX 



-77 TT V 



„A1 



47T 



7' 



Note that the action is invariant under Weyl transformation 

7 ^(a,T) = e^) 7a/3 ( C x,T) . 
In what follows we use following parametrisation of the metric variables 7 a/ g 

± _ V~l ± 7r<7 



(2- 



(2- 



A 



( = In 7(7 cr , 



(2.10) 



where A 1 * 1 are manifestly invariant under (|2.9| ) while £ transforms as £'(<t, t) = £(<r, r) + 
4>(<j,t). Then the Hamiltonian density 7io is equal to 

n = + = A+r + + A-T_ , 

?+ = -(70 + 11), T_ = l -{T G -T l ) , 



(2.11) 



where 



Ti = p M d a x , 

7T 



7n = -^~=[! \jG MN pn + -r—d a x M GMNd a z N • 

47T 



(2.12) 



Since the action (2J) does not contain time-derivative of -y a /3 it follows that the momenta 
conjugate to A 1 * 1 ,^ are zero: 



SS 



7T 



, it 



55 



. 



(2.13) 



5d T A± " ' " 8d T i 

These conditions are primary constraints of the theory. According to the general theory of 
the constraint systems p4|, 35 , 3£ ] the primary constraints should be preserved during the 
time evolution of the system 



tt± = {7r ± , H } = T±«0. 
Then the consistency of the theory implies two secondary constraints 

T + = T_ = . 



(2.14) 



(2.15) 
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Now we have to calculate the Poisson brackets between constraints Ti(<r), To(c') and also 
between pjy, x M and To, T\. 

{pN(cr),Ti(cr')} = -pN(cr')d a >5(a - a 1 ) 

{p N (a),T (a')} = -JLp K ( a ')d N G KL p L (a')8(a-a')- 

- ^d a ,5{a - a')G NK (a')d a/ x K (a') - 

Z7T 

- ^d a >x K (o')d N G K Lda>x L (o')5((T - a 1 ) , 
{x N (a),T 1 (a')} = d a ,x N (a')5(a-a') , 

9-7T 

{x N (a),T (a')} = ^=G NL PL (a')5(a-a') . 



(2.16) 



Then it is easy to determine Poisson brackets between Ti,To 

{T^alT^a')} = d a T x {a)S{a - a') + 2T l {<j)d (T 5{<y - a') , 

{T 1 ( ^ J),To( ^ T , )} = d a T (a)5(a - a') + 2T Q {a)d a 5{a - a') , 

{T (a),T (a')} = dMa)5(a - a') + 2T 1 (a)d a 8{a - a') . 

Using these Poisson brackets we finally get 

{T + (a),T + (a')} = d a T + (a)5(a - a') + 2T + (a)d a S(a - a') , 
{T-(a),T-(o f )} = -d a T^(a)6(a-a')-2T^(a)d a 5(a-a') 
{T + (a),T-(a')} = 0. 



(2.17) 



(2.18) 



These results imply that the constraints To,Ti do not generate any additional ones. We 
denote all constraints as where a = (A , £, ±) label the first class constraints 7r^ = 
7rg = and T± = 0. We introduce the Lagrange multipliers p a . Then the generalised 
Hamiltonian density takes the form 

n T = n + p a (p,x)^ a , (2.i9) 

where in principle p a depend on the phase space variables pm, x M , ir±, X^, ir^, £. Then 
(2.19) implies that the equation of motion for any F defined on the phase space takes the 
form 

dF 

— = d T F + {F, H T } = 
(It 

= 8 T F + {F, H } + J da (p a (a) {F, <S> a (a)} + {F, p a (a)} $ Q (<r)) « 
« d T F + {F,H } + J dap a (a){F,<S> a {a)} , 

(2.20) 

where ~ means that this equation holds on the constraint surface <& a ~ 0. 



- 5 - 



3. Current algebra 

In this section we will calculate the current algebra of the principal chiral model defined 
on the world-sheet with general metric. Recall that these currents are defined as 

4 = Eid a x M . (3.1) 

In order to calculate the current algebra we have to express these currents using the canon- 
ical variables x ,Pm- Namely we have to find the dependence d T x M on pm,x m . Using 
the Hamiltonian ( 2.19| ) we find the time derivative of x M as 

d T x M {a) = {x**(o),H T } = (A+ + A ~ + P+ + ^G«»p N + A+ = A ~ ± P+ - P ~ d„x M 

2 y A 2 



- +p0 ) T\ GMNpN+ (!t +pl ) d ° xM 



(3.2) 



and hence 



where 



4 = ^("7=^77 + P°)K AB eMpm + + P l ) E >,x M , (3.3) 

E B E M = $B > E M E B = $M • ( 3 - 4 ) 



Our goal is to calculate the algebra of currents defined above. To do this we have to make 
presumptions about the dependence of the Lagrange multipliers p^- on the phase space 
variables. Since we work in the theory where the gauge symmetry is not fixed it is natural 
to presume that the Lagrange multipliers p^ depend on a, r only p^ = p(t,a). Then 
it turns out that it is useful to define 



so that we can write 

= — _ _ .» ^ jj I'M 

VA V -77 7 



t 7t /—?~.tt K e bPm ~ —h M d a x . (S.b) 



In the same way we also get 



! -TO" 

n T = -;/=^o - ^ + pK + Px + p^- • (3-7) 

Then the generalised action takes the form 

S = j dadT[d T x M PM + d T X + 7r + + d r A-vr_ + d T ^ - H T ] = 

= ~ J dadr^r P J«JpK AB + 

+ J dadT{d T \ + -n\ + d T A~vr^ + d r A ? 7r € - p+vr+ - p~7r* - /vr f ) . 

(3.8) 
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Then from ( |3.8[) we determine the equations of motion for current J a in the form 

d a [^r p 4] = o. (3.9) 

Let us now introduce the Lax connection for given principal model. We define its compo- 
nents as 



J Q (A) 



1 



1 - A 2 



(J a - Aj al3 e^J 7 ) , 



where 



c af3 



otx/3 



~ 1 

-7 



e 01 = l 



(3.10) 



(3.H) 



and where A is a spectral parameter. Note that the Lax connection depends on 7 that is 
combination of the world-sheet metric 7 and the gauge parameters p^- . Then using the 
equations of motion fl3.9|) and also using the fact that J A obey the flatness condition 



d a Jf — dp J a + JaJpfBC 







(3.12) 



that follows from the definition of the currents J A given in ( |2.2| ) we can show that J is flat 

dJ A - d p J A + JZtffBC = • (3-13) 

Now we are going to calculate the Poisson brackets between currents J a . Firstly, it is 
clear that 

{j A (a),J*(*>)}=0. (3.14) 
On the other hand explicit calculation gives 



{j T »,jiV)} 



2vr 



K AB d a 5(a - a') 



2tt 



VaV = 77 tt (<7) 



K AC E%(a)d N E M (a)d a x N (a)6(a - a') + 



+ 



2tt 



1 



2tt 1 



where we have used 



K AB d a 5(a - a') 



2tt 



J a Jcd k o{a -a ) , 



(3.15) 



f{a')d a 5{a - a') = f(a)d a S(a - a') + d a f{a)8{a - a') 
and also the flatness condition of the current J A ( |3.12| ) that implies 



9nEm ~ E n + E N E M f j 



? B tpC f A 



J N LJ MJBC 



. 



(3.16) 



(3.17) 



-7- 



For letter purposes we also determine the Poisson brackets between J T and pm, x 



M 



{j A (a),p M (a')} 



2tt 



1 



K AB d M E»p N (a) 



N„ 



_ d M E A d a x N 5(a-a')-E A ^\ 



7 T » 



d ff 5{a - a 1 ) 



and 



{J?{<t), Pm (<t')} = d M E%d a x N (a)8(a - a') + E^d a 5(a - a') 



{j A (a), X M (a')} = ^ ] K AB Eg 8{a — a') 



(3.18) 
(3.19) 



Then we obtain 

(j t V),j t V)} 



2vr 

71 



{j A (a),E%(a')}K BD p M (a> 



2tt 



1 



{j A (a),J B (a')}^^-^{J A (a), PM (a')}K BD E^(a') _ , 
7 rr (<T'J VA V -77 (o" ) 



2tt 



1 



Mi 



VAV^7(^)7 TT (^) 



+ 



+ 



2tt 



7™ (a) 



2vr r 1 



tT (</) 



VA V=7^)7 rT (^) 7 TT K) 



+ 



1 



I 7(cr')7 rT (cr') 7 tt (ct) 



(3.20) 



using 



9m Ea = —E B dME B E B , 

tj C OmE d - £j D Om^C — JCD^A 



(3.21) 



With the help of the Poisson brackets ( |3.15| ) and (3.20) we can determine the Poisson 
bracket between the spatial components of the Lax connection for two different spectral 
parameters A, V 



{j>,A),jiV,r)} 

2vr K AB (T + A) 



V / A(l-A2)(l-T2) 
2vr Ar 



d a 8(a - a') 



2vr 



(A + T) 



DB; 



Va(i-a 2 )(i-t 2 ) 



V / A(l-A2)(l-r2) 

(7^1 TT J? + ^l T<T J«)(°)fc D K DB 5{<j - a' 



(3.22) 



The expression above can be rewritten into the form that on the right side contains the 
combinations of the spatial components of the Lax connection and term that is proportional 



- 8 - 



to the non-ultra-local term d a 5(a — a') 

£ {j>, a). r>} = - {1 K _ AB J^-n 9 ' H ' T - a ' ] - 

- d-PKA-r) ^^^ " " (i-A^A-r) J °' r »^ gDB ^ " y » ' 

(3.23) 

This result has precisely the same form (if we use the tensor notation) as the Poisson bracket 
given in |j. Since ( |3.23|) does not explicitly depend on the world-sheet metric 7 Q/ g and the 
gauge parameters p^ 1 we obtain that the Poisson bracket between spatial components of 
the Lax connections is gauge invariant. This result has important consequence for the 



integrability of the theory. Recall that the monodromy matrix is defined as [22, 23, 24, 26 
27] 

T(Z,A)=Pex P (7j a (A)^ , (3.24) 

where I = (x Q (£) = (t'(£), a'(£))) is a curve on two dimensional cylinder, Ja^r is an 
embedding of the Lax connection with spectral parameter A on the curve I and £ is a 
parameter that labels points on given curve. Finally P in (|33|) means path ordering. We 
will calculate the Poisson bracket of the monodromy matrices that are defined at equal 
time r. In this case the curve I is defined as 

I = ( a ' = £,£ G (xi,yi)) . 

(3.25) 

Then for the curve ( |3.25 ) the monodromy matrix T takes the form 

T(A,x 1 ,y 1 ) = Pexp^ 1 da'J a (r,a')j . (3.26) 



As was shown in |2^, [2^, E4L 26, [27j] the Poisson brackets between elements of the mon- 
odromy matrices T(A, x\,y\) and T(T,X2,y2) are equal to 

ryi ry2 

{T a/3 (x 1 ,y 1 ,A),T fS (x2,y2,T)}= da da'T auJ1 (x 1 ,a,A)% 2l 3(a,yi,A)x 

J XI J X2 

x ^J UJlUJ2 (a,A),J PlP2 (a',T)^X f p 1 (x2,a / ,T)T p2S (a / ,y2,T) , 

(3.27) 

where a, f3, . . . label the matrix indices of T. The form of the Poisson bracket above shows a 
significance of the Poisson bracket ( p. 23 ) for the calculation of the Poisson brackets between 
transition matrices and then between the Poisson brackets of the conserved local charges. 
Recall that these local conserved charges arise from the expansion of the trace of the 
monodromy matrix with respect to the corresponding spectral parameter Then since 
( 3.23 ) is gauge invariant and metric independent and takes completely the same form as in 
PI we immediately obtain that we can find an infinite number of local conserved charges 
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that are in involution even on the string world-sheet with general metric. Of course all 
these results depend on the presumption that the Lagrange multipliers do not depend 
on the phase space variables. In fact this is natural presumption in case when we do not fix 
the gauge since the gauge symmetries imply the appearance of arbitrary functions in the 
general solutions of the equations of motion. On the other hand if we fix the gauge then 
Lagrange multipliers can depend on the phase space variables. Let us discuss this issue in 
more detail. 



3.1 Comments on the gauge fixing 

We now present some comments considering the gauge fixing for the principal chiral model 
defined on world-sheet with general metric. Recall that there are five first class constraints 



defined above the equation (|2.19|) 



<& a ss . (3.28) 



Fixing these constrains is achieved by introducing additional constraints 34, 35, gg] 

G a {a) ps (3.29) 
that have nonzero Poisson bracket with <& a on the constraint surface 

{G a (a),$p(a')} = C a p(cT,a') , 

(3.30) 

where the matrix C a /3(a,a') is non-singular. Then the extended set of constraints $ a ,G a 
consists the second class constraints. In fact, the consistency of the theory demands that 
these constraints are preserved during the time-evolution of the system. Then the Hamil- 
tonian equation of motion for G a implies 

^G a (a) = d T G a (a) + {G a (a),H T } « 

« d T G a (a) + {G a (a),H } + J da'(C a p{a, a')p^(a')) = . 

(3.31) 

Since C a p is nonsingular this equation determines p a completely. In other words the gauge 
symmetry is fixed. Note that after fixing the gauge the original Hamiltonian is strongly 
zero. 

As we have argued above all constraints form the collection of the second class con- 
straints. According to the general theory of constraint systems the proper way how to deal 
with them is to introduce the Dirac brackets. The Dirac bracket between two phase space 
functions F, G takes the form 

{F(a),G(a')} D = {F(a),G(a')}- 

- J da''da"' {F{a)^ I {a')}C IJ {a\a'''){^j{a"%G{a')} , 

(3.32) 
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where we have introduced following notation 

*i = T+ , $ 2 = T_ , $ 3 = G+ , $ 4 = GL , 
$5 = ^ , <D 6 = G x + , <I> 7 = 7T* , $ 8 = , 
$g = tt £ , $10 = G c , Cij{o,J) = {$/(<r), $,/((/)} , 

(3.33) 

and where in ( |3,32| ) the summation over /, J is understood. Note that C IJ is inverse of 
Cij 

j da"C LJ {a, a")C JK (a", a') = 8(a - o')8? . (3.34) 

It can be shown the the Dirac brackets of all constraints with any phase space functions 
are zero. Consequently provided we use Dirac bracket instead of the Poisson bracket, the 



second class constraint can be imposed even before any calculations [34, 35, 36]. We 
can then explicitly solve these constraints leading to the set of coordinates z m that 
parametrise reduced phase space that is equipped with the bracket structure induced by 
Dirac bracket. Further, we should find the generator of the time evolution since when all 
the gauge freedom is fixed the original Hamiltonian strongly vanishes. 

The advantage of the gauge fixing is that we study the dynamics of the physical 
degrees of freedom only. On the other hand it is not completely clear whether the gauge 
fixing condition allows an existence of an infinite number of conserved charges that are in 
involution. We postpone the discussion of this problem for future. 

On the other hand let us consider an example of the partial gauge fixing that manifestly 
preserves the integrability. To do this we introduce following gauge fixing condition 

G x = A+ - /+ , G x _=\--r, = £ — 1 , (3.35) 

where / + , /~ generally depend on r, a. Note that there is still gauge freedom parametrised 
by the Lagrange multipliers . Then ( |3.35 ) implies following non-zero matrix elements C 



C 65 (a,a') = -C 56 (a',a) = 6 (a - a') , 
C 8 7(cr,cr') = -C 87 (a',a) = 5(a - a') , 
C9,io(cr,0-') = -Cxq${g',g) = 8 (a - a') . 

(3.36) 



The requirement that the gauge fixing constraints ( 3.35 ) have to be preserved during the 
time evolution determines following values of the Lagrange multipliers p±, p^: 

pi = 0, p 5 = . (3.37) 

Then the partially fixed Hamiltonian takes the form 

H = H + J do{p + <$> + + = 

= f da[(f + + p + )T + + {r+p-)T-] . 

(3.38) 
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Let us now discuss the consequence of the gauge fixing ( |3.35| ) on the form of the current 
algebra. Since we have not fixed p^- we can again presume that depend on r, a only. 
According to the general analysis we should calculate the Dirac bracket of the current alge- 
bra. However it is easy to see from ( p. 35 ) that the Dirac bracket of the canonical variables 



Pm,x n coincide with the Poisson bracket. Then the current algebra takes precisely the 
same form as was determined in the previous section when we replace 7 Q/ g with correspond- 
ing combinations of defined in (3.35). It is also clear that the Poisson bracket of the 



Lax connection takes the same form as in ( 3.23| ). According to the discussion given in the 



previous section this result ensures an integrability of the theory. In summary principal 
chiral model with fixed world-sheet metric is integrable. 

It is also important to stress that we have not fixed the gauge symmetry generated by 
T±. Then the classical analysis should proceed along the standard treatment of the con- 
straint systems. Explicitly, the constraints T± are imposed on the system after performing 
all calculations. We also demand that the physical observables have vanishing Poisson 
brackets with the generators of the gauge transformations on the constraint surface. The 
equivalent requirement on the physical observables is that they commute with the BRST 
generator corresponding to given gauge symmetries. In fact we have shown in our previ- 
ous paper 0] that the monodromy matrix is BRST invariant. This result also implies an 
existence of an infinite number of BRST invariant conserved charges. 

4. Nambu-Gotto form of principal model 

In this section we consider the Nambu-Gotto form of the principal model. It is clear that 
this form of the string action arises from the Polyakov form of the action through the 
integration of the world-sheet metric. On the other hand it is not completely clear whether 
this procedure does not spoil integrability of the theory. For that reason we mean that it 
is useful to study the integrability of this model as well. 

The Nambu-Gotto principal chiral model action takes the form 

S = — [ dadrC , C = - V-det A , (4.1) 



2vr . 
where 

A a/3 = K AB JaJp , Ja = 9~ l d a g = JaTA ■ (4.2) 

Let us now consider the variation of the group element g in the form 

5g = g~ l 8X, 5X = 5X A T A 
that implies following variation of the current J 

5J a = -5XJ a + J a 5X + d a 5X , (4.3) 

or explicitly 

= JafB C 5X c + d a 5X A . (4.4) 
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Then the variation of the action (^ij) under the variation (|4.4| ) takes the form 

%SS NG = f dadrhA aP (A" 1 )^ V- det A = 

= -5X C (d^KcBjf (A- 1 )^ y^detA]- 



f$ B J*K AD J° (A^v^detA 



(4.5) 



The last term in the expression above vanishes due to the antisymmetry of f AB and sym- 
metry of (A^ 1 )"^. If we now demand that the variation of the action vanishes for on-shell 
configuration we obtain the equation of motion for J A in the form 



d a [jf {A~ l f a V-detA] = . (4.6) 



Let us now consider following current 



£(A) = T ^[J CT A + A(A- 1 ) TQ J^ v / ^detA] 
J r (A) = Y^J? - A (Ar l ) aa J^V^tA] 



The components of the current given above obey the equation 

d T - dj* = T ^ I [5 T J^ 1 - d a j? + 

+ A (^[(A- 1 )™ J^v^detA] + d a [(A~ 1 ) aa J^V^detA])] 
' T B 7 C f A 

J t J a JBC > 



(4.7) 



1-A 2 



(4.8) 



where we have used the equation of motion ( |4.6| ) aud the flatness of the current . On 
the other hand let us also calculate 

- A (A-^r J? J?f$oV=tetA - A 2 (A _1 ) CTa J* (A _1 ) T/3 J^/^^tA] = 
' r (l-A 2 )J^/ic 



(1-A 2 ) 2 

(4.9) 

using the fact that 

- A 2 (A-T J* (A~Y ^/Bc(^deTA) 2 = -A 2 J? J° f$ c . 

(4.10) 
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If we collect (|4.8| ) with (|4.9| ) we obtain an important result 

djf - dpj£ + j*j$f£c = . (4.11) 

In other words the components of the current (4.7) form the Lax connection and ( 4.11| ) 
implies an integrability of the theory. 

Now we proceed to the calculations of the Poisson brackets of the currents. As usual 
we have to develop the Hamiltonian formalism for the model (^]l|). As follows from the 
form of the action (|4.1| ) the momentum conjugate to x takes the form 

5S a/A 



PM 



-G MN d a x N (A- 1 ) aT V- det A . 



Sd T x M " 2vr 

Then it is easy to determine the primary constraint of the theory 

n « r**N n J- ^ 

Tx PM PN ^ 



(4.12) 



$o = ^=p M G MN p N + ^d a x M G MN d a x N = . 



(4.13) 



At the same time ( 4.12j ) implies the second primary constraint 

$i = PMd a x M = . (4.14) 

Since these constraints have exactly the same form as the constraints found in section (|2|) 
it is clear that their time evolutions do not imply any secondary constraints. Moreover, 
the original Hamiltonian density takes the form 

Ho = p M d T x M - C = (4.15) 

as we can expect from the fact that the Nambu-Gotto action is diffeomorphism invariant. 



Then according to the general principles of the dynamics of the constraint systems [34, 35 
36] the total Hamiltonian density takes the form 



H T = A°$ + A x $i . (4.16) 
Then it follows that d T x M is equal to 

d T x M = {x M , H T ) = \°^G MN PN + A 1 ^' . (4.17) 

V A 

Using this result we express the current as a function of the canonical variables pm, x M 
4 = E^d T x M = \°^K AB E% PN + X'E^d^ . (4.18) 



This form of the current is the same as the time component of the current given in (3.3) if 
we perform an identification 



r,T<r 



1 'Y T 

^ = — 7^77 ' ^ = ~—- (4-19) 

V77 7 
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Without lost of generality we can presume that the Lagrange multipliers A 0,1 do not depend 
on the phase space variables and we obtain the Poisson brackets of the current in the form 

{j A (a),J B (a')} = 0, 

{ J», J B (a')} = \°^{K AB d a 5(o - a') + J°f$ D K DB 5{a - a')] , 

{ J», J B (a')} = A |= J?f$ D K DB 5{o - a') - X^J^ A D K DB 5{a - a') + 

2-7T 

+ —(\\a)X l {a') + X\a')\\a))K AB d (7 5{a -a') . 
v A 

(4.20) 

Let us now proceed to the calculation of the Poisson bracket of the spatial component of 
the Lax connection. Using (4.12) we can write it in the form 

J. = Y^[4-^fK AB E^p M ]. 

(4.21) 

Then with the help of the formula 

{j A (a), PM (a')} = E A (a)d a 5(a - a') + d a x N (a)d M E A (a)5(a - a') (4.22) 
we obtain 

{j A (A)(a), J B (T)(a')} = - £ + * ^K^d^a - a') 



T + A 2vr 

r2)(i-A2)7x 

27r r + A jC f A rsDBr, i \ 27T Ar rCM rsDBi 



(4.23) 

that again can be rewritten in the more natural form 



^ {j A (a, A), JiV,r)} = - J^+^a^a - a') 
V 2 A 2 



(I - 1 ^ ) ( A - v) J^ A )fc D K DB 6(a - a') - {1 _ A 2 )(A _ ^fcnK DB S(a - a') . 

(4.24) 

Following the careful analysis given in Q we can now argue that the action ([O]) is in- 
tegrable and after appropriate regularisation it possesses an infinite number of conserved 
charges that are in involution. 



5. Conclusion 



This short note was devoted to the calculation of the algebra of the current for principal 
chiral model coupled to two dimensional gravity. We have determined the algebra of 



currents that depend on the world-sheet metric and on the gauge parameters. Then we 
have calculated the Poisson bracket of the spatial component of the Lax connection and we 
have shown that this result does not depend on the metric and gauge parameters. This fact 
implies an existence of infinite number of gauge independent conserved charges that are in 
involution. We have also shown that the same conclusions are valid for the Nambu-Gotto 
form of the action. 

The extension of this work is as follows. We mean that it is very interesting problem to 
study the integrability of the bosonic string on AdS§ x S" 5 in the uniform light-cone gauge 



1 29, [30|]. Even if it was shown in [14| that it is possible to define the Lax connection for the 
gauge fixed form of the action as well, the calculation of the Poisson bracket of the spatial 
component of the Lax connection has not been performed yet. We think that it would be 
very useful to know whether the gauge fixed form of the action possesses infinite number 
of the integrals of motions that are in involution. We hope to return to this problem in 
future. 
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